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COEFFICIENT ESTIMATES FOR DIRICHLET SERIES

BY
W. T. SLEDD(Y)

1. Introduction. The primary purpose of this paper is to study coefficient
estimates of Dirichlet series

f(x) = Z a, exp (—Ax), A—>0, 0 <A <Ag<--vy
n=1

for which the sequence {A,} satisfies certain lacunarity conditions. D. Gaier [2]
has used such estimates in one of his proofs of the high-indices theorem for Borel
summability, in which results on the order of an entire function are inferred from
its rate of growth along the real line. A by-product of his work is the estimate
|aa] S20,paf11 when 3 A7t <o, fe L(0, ), and

Aot A,
/\k_)‘n

Pn = N

k#n

Some subsequent papers in much the same vein are due to G. Haldsz [3] and to
J. M. Anderson and K. G. Binmore [1]. Haldsz has obtained estimates for
a,, >F a,, and Y |a,| when A,,,/A,Z¢>1 and f satisfies appropriate conditions.
The paper of Anderson and Binmore is concerned with the application of coefficient
estimates to the study of entire functions. Their work includes the ‘estimate |ay|
S(A)Y2p,| fllz where p, is as above, > A; ! <oo, and fe L%(0, ).

L. Schwartz [8] had earlier obtained results which essentially include both the
estimates of Gaier and of Anderson and Binmore. Indeed, as the referee has
pointed out, S. Mandelbrojt [5] had also established inequalities of the same kind
and these appear in larger form in [6]. Later, Mandelbrojt’s results were extended
by F. Sunyer Belaguer [9], [10].

There is some question left to the sharpness of Schwartz’s estimates and in §2
it is proved that if 1 <p =<2 and fe L?(0, o) then

|an] £ 22)""pal f ],

I do not know if the constant is sharp when p <2, or if the order of the estimate
still holds when p > 2 but in §2 there are estimates when p > 2 for functions which are
subject to more stringent conditions. Also in §2 there are estimates for the sequence
of partial sums.
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These results are applied in §3 to obtain some gap theorems. W. Rudin [7]
showed that if lim inf A, ,;/A, =1 then there is a Dirichlet series so that f’ € L(0, c0)
yet > a, diverges. In §3 it is shown that there are sequences {A,} so that lim A, /A,
=1, but so that if f’ € L?(0, co) when p > 1, or if f” € L*(0, 00), then > |a,| <co.

2. Coefficient estimates.

THEOREM 2.1. If f(x)=2>7_1 a, exp (— A, x) converges for each x>0, > A; ! <0,
and f € L?(0, ), 1 Sp =2, then |a,| = (2\,) "p,| f|l, where

_ Mt A|
Pr= 1 LIXTR,
Proof. Let
N
fu®) = D apexp (—x)
k=1
and

Y. aex A
F(z) = Z i )\252 "e) e > 0.

Then if Re z<0
F@) = f ® etf(t+e) dt.
L]

Let
N
B(2) = l—I Ak+z
so that
Y a,ex A
G(z) = F(z)B(z) = Z gl zlfl-()« ) B,(2)
where

By(2) = (n )t,+z)

j#k

Now B, (2)/(z+ A,) € H?, a Hardy class of functions in the right half-plane, and so
the same is true of G. Consequently, G may be represented by the Poisson integral
of its values on the imaginary axis, and

"G(x'*'iJ’)"a = "G(i)’)"q

if x>0and g1 [4, p. 124, and p. 128].
Next, let T' be the boundary of a rectangle in the right half-plane with sides
parallel to the real and imaginary axes, and enclosing A,.
Let {#?=exp (2/p log {) for |arg {| <=/2, with log 1=0. Then by the residue
theorem
ay exp (= Me)By(As) _ =1 [ F(2)Ba(2) ,

N = Zai Jr @A)
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But since G(z) goes to zero uniformly in any fixed half-plane Re z=8>0 [4,
p. 125] it follows that

a €Xp (_ Ane)Bn(An) L © F(xn + ’y)Bn(xn + ly) d
(2A,)% T 2r ) (etiy+A)PP

L [* FGh+i)Bxs+iy)
2 ). (xXntiy+A,)3P

= II+I2
where x, < A, < x/.
Then
1 , ) ® X'+ly+/\ D dy ]l/P
< — 7 .
IIll = 211_ "G(Xn"'ly)"q[f_w x;_'..iy—A” '+iy+A"|2

where 1/p+1/g=1. A similar estimate holds for I,. Since |G(xn+iy)|.= |G(iy)lq
we may let x; — oo and x;, — 0 to conclude that

1 . © dy \'P
2 160N~ 5%)

l 1/p X
2 (%) 160

| Ba(An)a, exp (— Aqe)|
(2A,)27

IIA

Moreover, since |B(iy)| =1, then |G(iy)|,=||F(iy) |, but F(iy) is the Fourier trans-
form of fy(¢t+¢), so that by the Hausdorff-Young inequality [11, p. 96] 1GE)la

S @m e e+ ).
Combining these inequalities gives

avexp (~M)| < G 1+

If e >0, summation by parts shows that there is a constant C such that

[fu(t+e)| S Cexp(—\t)
and

|f(t+e)| £ Cexp (—A2).

Since fy(t) — f(t) when >0, the Lebesgue dominated convergence theorem
implies that

[ fx(t+&)—f(t+e)|, — O.

But || f(t+¢)|,=< | f|, and so letting N — oo and then & — 0 in the above inequality
completes the proof.

The next theorem deals with the case where p>2. The technique is essentially
that of Haldsz [3].




72 W. T. SLEDD [July

THEOREM 2.2. If

(@) f(2)=27-1 a, exp (— A,2) converges when Re z>0;
(b) || f(re®)|, < M whenever |8| £n=28n/2<m/2;

©) > A Y8 <oo, where B+8=y>1, and B<2; then

2MBALIP AL/B 4 L8
I ﬂl = Iq coS (W/Z)Il/q ’1:!; Al/B Allﬂ|

where 1/p+1/g=1.
Proof. Let

(@) = 2 avexp (= k)
and
F(z) = i acexp(=he) 0.

=4 A—2

Then if Re ze'* <0, and |o| <m/2

F(z) = f ) exp (zte'*)d,(te!* + e)e'® dt.
/]

But if z=re'* and Re ze'* <0, then

F@I 5 ([ exp (1g cos (+) e “Igutre+o)l,

1
— i S
= | $n(te +5)"p [gr cos (0+a)|1"’

Now let ({)*# be defined for |arg | <, (1)¥#=1, and set
_ 17 1=GM"
B@) H TG
Similarly define ({)*/, so that letting
o« = +n, z = rexp (+inf/2),

1a léntte+ o), _
|zYF(2)B(z)| £ I cos DR — A.

Now z'4F(2)B(z) is of relatively slow growth for |arg z| <Bm/2, so that by the
Phragmen-Lindel6f theorems [12, p. 180]

|zYF(2)B(z)| £ 4, |argz| £ Bn/2.
In particular, if z=A, then

Allﬁ Allﬁ

Mlaal exp (= ue) 77 |2
AIIB + I\I/ﬁ

= A

ZBA" k#n

As in the proof of Theorem 2.1, let N — oo and then ¢ — 0 to obtain the desired
inequality.
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The next theorem deals with sequences of partial sums.

THEOREM 2.3. If f(x)=>2-, a, exp (— A,X) converges for each x>0, > A;1<o0
and f' € L*(0, ), 1 <p =<2, then

s
2 o
k=r

where A, is a constant depending on p alone, and

C, = Min ; H

A<X<An+1 xt-ir

S A|f'[C -1+ C]

x+z\k
=

Proof. The proof is very much the same as that of Theorem 2.1 and hence
many of the details are omitted.
Let

$n(x) = i Aay exp (— Acx),

F(Z) — ZN kak €Xp ( Ak(2+€)) e > 0’

A—2z
and

Ae—2
B(z) = H A:+z

If I' is a rectangle in the right half-plane enclosing A,, . . ., A; and no others then

S

> aexp (— Ake)——— IF(Z)d

_ 1 [~ F(x,+1y)d _1re F(xs+iy)d
2 ) o X tiy 27 J_ o  Xs+iy
=Il+12’
where A, _; <X, <A SA<X;<Agyq.
If G(z)=F(2)B(z) then

1 . ® dy \'?
< — P A
IIII =5 "G(xr'l'ly)"aDr(f_w Ix,+iy|’)

where 1/p+1/g=1 and

1
D, = max —_—
| B(x,+iy)|

A similar estimate holds for 7, and since
1GGr+i)e = 1G@)]a = [F@)la = @m)* gt +2)] 5
it follows that

Z axexp (~Xe)| S Aplute+o)ls(F+37):

Letting N — oo and then ¢ — 0 completes the proof.
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THEOREM 2.4. If f(x)=27-, a, exp (— A,Xx) converges for each x>0, > A;*<o0,
and f" € LY(0, o) then

iak =< 'l/;"[ Min lﬁ
k=r .

Ar—1<x<Ar X o7
Proof. The proof is very similar to the proof of Theorem 2.3 and so will be

4+ Min -l-ﬁ

As<x<As41 X jo=7

X+ A
X— A

X+ A
xX— A

omitted.
3. Some applications. Before applying the estimates of §2 it is necessary to
establish a result about the special sequence A, =exp (n%).

THEOREM 3.1. If A,=exp (n*) and 1 >« >0 then

P, = l—I At A,

3 < exp Cn2-a
k#n |

where C is a constant, dependent only on «.
Proof. Since A /A, _; = A, 1/A,, it follows that

n-lA n—lAQAJ ooln—
SRR DDA

k=1)‘n“)‘k k=1 )‘—nj=o

IA
Ms
o \l Ll
i
[N
oy
3
)
—_ >
=
IA
Ms

el T WY W P WY W
And

But

exp (—jx%) dx
n+1l
so that

i & i /\l{cs 2 (Am) J: 2 (exp(x"))
1 1= et du
An+1 1_)‘11/)‘”+1+; mepe U THE TN

A 1 1 A, J‘w 1,
é n += ul/a le udu.
Ans1 I—An/)‘n+1 « 1_An/’\n+1 (n+1)*

—d
E]

IIA

But

o n+1)% u

© —- 0 —u,,lja—-1
[ e du= enp-ache 220 S
( (

n+1)*
= (n+1)1‘“)«;}1+1—_—a ;‘, JW e~ vytle=1dy,
a (n+1) m+1)*
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so for large values of n

© l1-a — -1
$ 1o 1 lG+) (1_( 1 a))
1 A 1=2/Ans1 @ 1=A/A0 4y a(n+1)

k=n+

ESS

~ an® 1 2 (n+1)2@-D s (n+ 12D

1 1 1 2 1
o

So
n-1 ©
— ’\k+)‘n l l ’\k+’\n

k=1 ’\n_)‘k k=n+1 )‘k—An

Pn

IIA
o
>
el
™
>
I
>
x
e
>
o
)
Ms
A
>
2
|
>

< exp Cn2l-o

where C is some constant.
With this estimate the following theorems may be proved.

THEOREM 3.2. If p> 1 then there is a sequence {),} such that if

S = 3 avexp (~h0)

converges for each x>0 and f' € L*(0, o) then 3 |a,|* <o for each ¢>0.

Proof. Assume without loss of generality that 1<p=<2, for if p>2 and
f' e L0, o) then f’ € L'(0, o) for each r<p. This is true since the integrability
of f' depends only on its integrability over (0, 1).

Now by Theorem 2.1 and Theorem 3.1, if A, =exp (n*) and 2/3 < a<l then

|a,|¢ = O(exp (eCn?*~® —eg~1n%),
and this estimate shows that 3 |a,|® converges.

THEOREM 3.3. There exists a sequence {),} such that if f(x)=>3_, a, exp (—A,x)
converges for each x>0 and " € L*(0, o) then > |a,|® converges.

Proof. This follows from Theorem 2.4. The proof is similar to that of Theorem
3.2
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